ITCS2175 HW 5 Answer Key
There are 69 points total over the entire homework.
Section 1.8

1) [3 points each]
Determine whether each of the following functions from the set {a,b,c,d} to itself is one-
to-one.

a. f(a)=b, f(b)=a, f(c)=c, f(d)=d

b. f(a)=b, f(b)=b, f(c)=d, f(d)=c

C. f(a)=d, f(b)=b, f(c)=c, f(d)=d

a. YES
b. NO (f(a) = f(b) = b)
c. NO (f(a) =f(d) =d)

2) [2.5 points each]

Determine whether each of the following functions from Z to Z is one-to-one.
f(n)=n-1

f(n)=n’*+1

f(n) =n?

f(n)=[n/2]

cooe

YES.f(n)=n-1
NO. f(n) =n?+1
YES. f(n) = n®
NO. f(n)=[n/2]

oo oe

3) [5 points each]

Find feg and gef where f(x) = x*> + 1 and g(x) = x + 2 are functions from R to R.
fog=(x+2)°+1=x*+4x +5
gef=(C+1)+2=x*+3

4) [10 points each]

Let f be a function from the set A to the set B. Let S and T be subsets of A. Show that:
a)f(SuUT)=F(S)uUf(T)

Proof: We need to show that f(S U T) < f(S) U f(T) and f(S) U f(T) < f(S U T). First,
suppose b € f(S U T). Then b = f(a) for some element, a, in S U T. Since a is in the union
of Sand T, then eithera € Sora e T, or ais in both. Therefore b € f(S) or b € f(T) or
both, so b € f(S) U f(T).

Now suppose that b e f(S) U f(T). Then either b € f(S) or b € f(T) or b is in both f(S)
and f(T). This means that either b = f(a) for some element, a, in S or some element, a, in
T or in both. In all cases, a must be in the unionof Sand T, so b =f(a) e f(SU T).



Since f(S U T) < f(S) L f(T) and f(S) L f(T) < f(S UT), f(S LU T) = f(S) L f(T).

b) f(SNT) < f(S) N f(T)

Proof: First, suppose b € f(S n T). Then b = f(a) for some element, a, in (S N T). Since a
is in the intersection of Sand T, then a is in both S and T. Therefore b is in the
intersection of f(S) and f(T). So b € f(S) n f(T), which implies that f(S n T) < f(S) N
f(T).

5) [10 points each]

Let f be a function from A to B. Let S and T be subsets of B. Show that:
a) fF(suT)=fYS)ufi(T)
Proof: We have to prove that (S U T) < £1(S) U £}(T) and £1(S) U F}(T) = FH (S U
T).

First, suppose y € (S U T). Theny = f(x) for some element x in (S U T).
Therefore x = f(y) (by the definition of inverse functions) must be an element of S or
an element of T or both. If x € S, then y e f*(S) and therefore y e f*(S) U f(T). By
the same argument, if x € T, then y e £*(T) and therefore y e £*(S) LU F1(T).
Therefore f(S U T) < f1(S) U F1(T).

Second, lety e £1(S) U f(T). Then y is either an element of £*(S) or £*(T) or both.
Therefore x = f(y) must be in S or T or both. Thusx e SU T, s0y € f{(S U T).
Therefore f1(S) U fHT) < FY(S U T).

Since fH(S U T) < F(S) U F1(T) and £1(S) L FY(T) = (S U T), we know that f*(S
uT)=fYS)uFiT).

b) (SN T) =FX(S) N FY(T)
Proof: We have to prove that f*(S N T) < F(S) n f(T) and F(S) n FY(T) = FH(S N
T).

First, suppose y € (S n T). Theny = £*(x) for some element x in (S N T).
Therefore x = f(y) must be an element of both S and T. Thus both y € f*(S)and y
£1(T), so y must be in their intersection. Therefore f*(S N T) < f(S) n F(T).

Second, lety e £1(S) n fX(T). Theny is in both £1(S) and f*(T). Therefore x = f(y)
must be in both S and T and is thus in their intersection. Soy € (S n T). Thus £*(S)
AFYT) S A T).

Since f1(S N T) < F(S) N F1(T) and £(S) N FY(T) = (S~ T), we have F1(S N T)
=fY(S) N FH(T).



